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1. INTRODUCTION 
In this paper we shall prove some partition identities for a class of com- 
binatorial objects that have played an auxiliary role in the theory of plane 
partitions for many years: partitions with n copies of n. 
To begin with we consider the set A4 (for MacMahon) of ordered pairs 
of positive integers with the second entry not exceeding the first entry and 
we totally order this set lexicographically: 
1,<2,<2,<3,<3,<3,<4,<4,<4,<4,<5,< ‘... 
We say rc is a partition of v with n copies of IZ if x is a finite collection of 
elements of M (possibly with repetitions) wherein the first members of the 
ordered pairs in 71 add up to v. For example, there are 13 partitions of 4 
with n copies of n: 
Now it is immediate from the standard techniques of partition theory 
[l, Chap. l] that if P,,,(v) denotes the number of partitions of v with n 
copies of n, then 
(1.1) 
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P. A. MacMahon [lo, p. 14211 was the first to note that the right-hand 
side of (1.1) is indeed the generating function for plane partitions. Plane 
partitions of n are two dimensional arrays of nonnegative integers non- 
increasing in rows and columns with sum n. For clarity, we list the 13 plane 
partitions of 4 
4, 31, 3, 22, 2, 211, 21, 2, 
1 2 1 1 
1 
111, 111, 11, 11, 1. 
1 1 11 1 
1 1 
1 
The proof that pM(v) is actually the number of plane partitions of v is 
nontrivial [ 10, Chaps. 11 and 121. T. W. Chaundy [7], who first gave a 
purely combinatorial proof of this fact, was indeed using partitions with n 
copies of n, as were Cheema and Gordon [8] and Sagan [ 111. An 
excellent survey of plane partition research was given by Stanley [13, 143. 
While partitions with n copies of n have thus been useful in many studies 
of plane partitions, they have never to our knowledge been examined in 
their own right. Consequently a number of Rogers-Ramanujan-type iden- 
tities have been overlooked. 
To set the stage we must define the weighted difference of two elements of 
M: If mi and nj are in M, and m 2 n, the weighted difference is ( (mi - nj)) = 
m-n-i-j. 
By ordinary partitions we shall mean the classical linear partitions of 
Euler (e.g., the five ordinary partitions of 4 are 4, 3 + 1, 2 + 2, 2 + 1 + 1, 
l+l+l+l). 
THEOREM 1. The partitions of v with n copies of n wherein each pair of 
parts has positive weighted difference are equinumerous with the ordinary 
partitions of v into parts f 0, + 4 (mod 10). 
THEOREM 2. The partitions of v with n copies of n wherein each pair of 
parts has nonnegative weighted difference are equinumerous with the ordinary 
partitions of v into parts f 0, +6 (mod 14). 
In order to make clear the meaning of these theorems we shall provide 
the case v = 8 (Table I). 
Theorems 1 and 2 are in fact special cases of a very general theorem of 
this nature (Theorem 3). In Section 2 we shall prove Theorem 3 and a 
generalization. In Section 3 we shall discuss the relationship of our work to 
Baxter’s solution of the hard hexagon model [6, Chap. 141. 
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TABLE I 
Ordinary partitions Positive Ordinary partitions Nonnegative 
with parts &O, k4 (mod 10) weighted with parts $0, +6 (mod 14) weighted 
difference difference 
8 8, 7+1 8, 
7+1 82 5+3 82 
5+3 83 5+2+1 83 
5+2+1 84 5+1+1+1 84 
5+1+1+1 85 4+4 85 
3+3+2 8, 4+3+1 8, 
3+3+1+1 87 4+2+2 8, 
3+2+2+1 88 4+2+1+1 8s 
3+2+1+1+1 711, 4+1+1+1+1 711, 
3+1+1+1+1+1 711, 3+3+2 721, 
2+2+2+2 731, 3+3+1+1 7311 
2+2+2+1+1 741, 3+2+2+1 7411 
2+2+1+1+1+1 612, 3+2+1+1+1 751, 
2+1+1+1+1+1+1 62, 3+1+1+1+1+1 612, 
1+1+1+1+1+1+1+1 612, 2+2+2+2 622, 
2+2+2+1+1 632, 
2+2+1+1+1+1 612~ 
2+1+1+1+1+1+1 69, 
1+1+1+1+1+1+1+1 513, 
In Section 4 we shall briefly indicate the path of furture work on these 
topics. 
2. THE MAIN THEOREMS 
Our first object is to prove the following result. 
THEOREM 3. Let A,(k, v) denote the number of partititons of v with n 
copies of n such that if the weighted difference of any pair of summana5 mi, rj 
is nonpositive, then it is even and satisfies 
((m,-rj))3 -2min(i-l,j-l,k-3). (2.1) 
Let B,(k, v) denote the number of partitions of v into parts f 0, &2(k - 1) 
(mod 4k + 2). Then 
A,(k, v) = Bo(k v) (2.2) 
for all v 2 0 and k > 2. 
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Remark. We note that Theorem 1 is the case k = 2 and Theorem 2 is 
the case k = 3. 
Proof: In a recent paper [S], a general Rogers-Ramanujan identity 
related to hook differences was presented. For our requirements here we do 
not need the full result of [S]. Furthermore to make our treatment succinct 
we shall rephrase the relevant result in terms of Frobenius symbols. As is 
well known, each ordinary partition of an integer can be represented by a 
Frobenius symbol (cf. [ 31). For example, the partition 5 + 5 + 4 + 1 + 1 
has the Frobenius symbol (ii;), which is obtained by examining the Ferrers 
graph of the partition: 
x 0 c‘ c 0 
8 
x 0 c 0 
0x0, 
P 
then the deleting the main diagonal and reading rows to the right of the 
diagonal and columns below. 
We may now state the special case c( = /I= 2 of Theorem 3 of [5]. 
Instead of using the hook-difference notation of [S], we rephrase the result 
in terms of Frobenius symbols: For 0 d 1 <k 
C,(k, v) = B,(k v) (2.3) 
where C,(k, v) is the number of partitions of v whose Frobenius symbols 
satisfy 
(2.4), 
bi>bi+l>O, (2.4), 
min(bi-ai+l+I,ai-bi+l -I-1)>3-k,l<i<r-1, (2.4), 
if a,>O; then 
a,-133-k. (2.4), 
We now provide a direct mapping between the partitions with n copies 
of n enumerated by A,(k, v) and the ordinary partitions enumerated by 
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C,(k, v). We do this by mapping each column ;: of a Frobenius symbol to a 
single part mi of a partition with n copies of n. The mapping 4 is 
(a+b+ fLu+l if a6b 
(a+b+ l)u-b if a > b, 
(2.5) 
and the inverse mapping 4-l is easily seen to be 
([z’iI:i;:) if m f i(mod2) 
(~~~?2)/2) if mEi(mod2). 
(26) 
’ 
Thus if we return to the example (::h) at the beginning of our proof, the 
resulting partition with n copies of n is 9, + 5, + 2, by (2.5) and we get 
back to (1:;) by applying (2.6). 
Now suppose we have two adjacent columns 5 in a Frobenius symbol 
with d(g) = mi and 4(s) = nj (defined by (2.5)). Then since a > c and b > d, 
baa, d>c 
b<a, d>c 
baa, d<c 
b<a, d<c 
-2(i-1)+2(b-d-l), baa, dbc 
2(6-d)- 1, b<a, d>c = 
2(a - c) - 1, baa, d<c 
-2(i-1)+2(a-c- l), b<a, d<c 
I 
-2(j- 1)+2(a-c-l), b>a, d>c 
2(b-d)- 1, b<a, dac = 
2(a-c)- 1, baa, d<c 
-2(j- 1)+2(b-d- l), b<a, d<c. 
Equations (2.7),, (2.7), and (2.7), are now adequate to show that (2.4),, 
(2.4), and (2.4), (Eq. (2.4), is a tautology for I= 0) are equivalent to (2.1) 
and the evenness of ( (mi - nj)) when it is negative under the map 4. Clearly 
if (2.4),, (2.4), and (2.4), are true, then 
((m,-nj))> -2(i- l), by (2.7~ (2.8) 
((mi-nj))> -2(j-l), by (2.7),, (2.9) 
((m,-n,))> -2(k--3), by (2.4), and ( 2.7),. (2.10) 
ROGERS-RAMANUJAN IDENTITIES 45 
Hence under the mapping 4, (2.4), - (2.4), imply (2.1). Also only the first 
and fourth lines of (2.7), can be negative; so if ((m,-ni)) < 0 it must be 
even, 
To see the reverse implication, we note that under 4-l: 
b-d= 
g(mi-nj))+i+j-; 
$((m,-tZj))+f 
f((mi-nj)) + i 
1 
f((mi-nj)) 
b-c= 
$((m,-nj))+i-f 
f((mj-nj))+j-1 
f((m;-tZj))+i+j 
/ 
~((mi-nj))+i+j-~, 
a-d-l= 
f((mi-tlj)) + j-4 
$((mi+tZj))+i-f 
f((mi-nj)h 
if m&i, n&j(mod2), 
;; “,;i;, nn’=:;:;;;; (2.11) 
- 
if m=i, n=j(mod 2);’ 
if m&i, n&j(mod2), 
;; z;“, nn’_:;zE; ;f (2.12) 
3 
if m= i, n =j(mod 2); 
if m & i, n SL j (mod 2), 
if msi, IZ & j(mod 2), 
if m f i, n =j(mod 2), 
(2.13) 
if mzi, n-j(mod 2); 
m&i, n&j(mod2), 
m=i, n & j(mod2), 
m & i, n=j(mod2), 
(2.14) 
m = i, n = j (mod 2). 
Now (2.4), is obvious in three of the lines of (2.11) by (2.1); however, the 
second line follows from the fact a - c is an integer and if ( (mi - nj)) is non- 
positive it is even. Similarly (2.4), follows from (2.12) by (2.1) and the 
evenness of nonpositive ((m,-n,)). Finally (2.4), follows from (2.13), (2.14) 
and (2.1). 
Thus we have fully established our bijection, so 
&(k v) = G(k v), (2.15) 
and (2.2) now follows from (2.3). 1 
It is possible to provide a general result of this nature for B,(k, v) with 
0 < 1 <k. To do this we must introduce partitions with “n + 1 copies of n.” 
This is precisely the same as the entries in M except that now the first 
elements are nonnegative and the second elements of the ordered pairs are 
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allowed to run up to n + I if the first element is n. Thus we have a new set 
M, again with lexicographic order. For example, M, is 
0,<0,<1,<1,<1,<2,<2,<2,<2, 
<3,<32<33<34<35<41< ‘... 
THEOREM 4. For 1 Q 16 k - 1, let A,(k, v) denote the number of par- 
titions of v with n + 1 copies of n in which for some i, ii+! is a part, all pairs 
of parts mi, rj satisfy (2.1) and if ((m,- rj)) is nonpositive it is even. Then 
with B,(k, v) defined in Theorem 3, we have 
4% v) = B,(k v) (2.16) 
for all v 2 0 and k > 2. 
ProoJ This proof is very similar to that of Theorem 3, so we merely 
sketch the main steps. The map 4 is now 
a 
4 i 
(a+b+l),-,+,+l if a<b+l 
’ b -+ (a+b+ l),P,P, if a>b+l 
(2.17) 
and 4 ~ ’ is given by 
if m & i+r\IllvuLJ 
(2.18) 
if m=i+l(mod2). 
Everything now proceeds as before with the following changes: 
The requirement that ii+, be a part means that it corresponds to a 
column of the form iO i in the Frobenius symbol. Such a column, of course, 
must be the last in the Frobenius symbol, and ii+, must be the smallest 
part of its partition since if ii+, > nj, 
((i,+,-nj))=i-n-i-l-j 
=-n-I-j<-2j<--2min(i-l,j-l,k-3). 
Now the part Oj is allowed to be a part in partitions enumerated by 
A,(k, v); however, since ii+, must be the smallest part (for that is the only 
place it can appear) we see that the only Oi that can ever appear is 0,. For- 
mally 0, corresponds to the “phantom” column (O,), which is dropped 
from the full Frobenius symbol. Indeed if 0, occurs as a part it accounts 
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TABLE II 
Partitions 
with parts *O, k2 (mod 10) 
7+1 
6+1+1 
5+3 
5+1+1+1 
4+4 
4+3+1 
4+1+1+1+1 
3+3+1+1 
3+1+1+1+1+1 
1+1+1+1+1+1+1+1 
Frobenius symbol for 
partitions enumerated 
by ~1GA 8) 
0 
0 7 
4 
0 3 
3 
0 4 
7 
0 0 
50 
0 10 
Image under 4 
89 
81+01 
8,+0, 
%+OI 
&+‘A 
85+0, 
&+OI 
7,+12 
7,+1, 
7,+ 12 
precisely for condition (2.4)d on the Frobenius symbols, and OI appears 
precisely when it is needed to guarantee that (2.4), holds, namely when 0 
has not already appeared in the corresponding Frobenius symbol’s top 
row. I 
To illustrate the bijections we have constructed we close this section with 
the example for v = 8, k = 2, I = 1 shown in Table II. 
3. REGIME III OF THE HARD HEXAGON MODEL 
In Baxter’s solution of the hard hexagon model [6, Chap. 141, one of the 
identities of importance that arose was the following [6, p. 439, 
Eq. (14.5.33)]: 
582a/45/1-4 
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c q~:,i(u,+I-uiro,+?l= fi (1-q”)‘. (3.1) 
02 ,__.. Om ,... 
fs, =o 
o,=Oorl 
U,+U,+l<l 
n=l 
n ~2 0. ?4(mod 10) 
It was in an attempt to understand the left side of (3.1) that Theorems 1 
and 2 were discovered [Z]. Rather than give a formal result we shall 
present the main idea. (A formal theorem and proof can be provided by 
any interested reader.) Let us continue with the example v = 8 from the 
Introduction. The exponents of q on the left-hand side of (3.1) that equal 8 
are 
8 
9-8+7 
lo-9+8-7+6 
ll-10+9-8+7-6+5 
12-ll+lO-9+8-7+6-5+4 
13-12+11-10+9-8+7-6+5-4+3 
14-13+12-ll+lO-9+8-7+6-5+4-3+2 
15-14+13-12+11-10+9-8+7-6+5-4+3-2+1 
7+1 
8-7+6+1 
9-8+7-6+5+1 
lo-9+8-7+6-5+4+1 
6+2 
7-6+5+2 
6+3-2+1 
Indeed inspection reveals that these reresentations of 8 consist of sums 
wherein there appear strings of consecutive integers with alternating signs 
and each such string is at least three units separated from any other. The 
mapping 
m,+-+(m-i+l)-(m-i++)+(m-i+3)- ... +(m+i-1) 
provides the natural correspondence between the exponents of q arising in 
(3.1) and the partitions with n copies of n considered in Theorem 1. 
4. CONCLUSION 
In a subsequent paper, one of us will examine a two variable generating 
function related to A!(k, v) wherein the exponent on the second variable 
counts the number of parts in the partition. This will lead naturally to 
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analytic identities that imply the results in this paper. For example, 
Theorem 1 will arise then as identity (46) in Slater’s compendium [12] and 
Theorem 2 will be (61) in [12]. 
The main hope in pursuing the analytic aspects of these results is that we 
shall find identities resembling those in [ 1, (7.3.7), (7.4.4)] which will shed 
light on how to proceed with further study of the identities of this paper or 
more generally the combinatorial aspects of the statistical mechanics 
studies of Andrews, Baxter and Forrester [4] and Forrester and 
Baxter [9]. 
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